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Abstract. In this paper we study the Cauchy problem for new classes of 
parabolic type pseudodiffcrential equations over the rings of finite adeles and 
adeles. We show that the adelic topology is metrizable and give an explicit 
metric. We find explicit representations of the fundamental solutions (the 
heat kernels). These fundamental solutions are transition functions of Markov 
processes which are adelic analogues of the Archimedean Brownian motion. 
We show that the Cauchy problems for these equations are well-posed and 
find explicit representations of the evolution semigroup and formulas for the 
solutions of homogeneous and non-homogeneous equations. 



1. Introduction 

During the last twenty years the interest on stochastic models on p-adics and 
adeles has been increasing mainly because these models are convenient for describ- 
ing phenomena whose space of states display a hierarchical structure. All these 
developments have been motivated by a conjecture in statistical physics asserting 
that the non exponential relaxation of several models describing complex systems, 
such as glasses and proteins, is a consequence of a hierarchical structure of the 
state space which can in turn be put in connection with p-adic structures. The 
pioneering work of Avetisov et al. on p-adic techniques for describing spontaneous 
symmetry breaking in the models of spin glasses and relaxation processes in com- 
plex systems gives a very strong motivation for developing a theory of parabolic 
type pseudodifferential equations and their corresponding stochastic processes on 
p-adics and adeles, see [J, g], [5], [6], [7], [8], [3], [TO], [II], [H], HO and references 
therein], [22] [25], [26], [13 and references therein], [28], [29], [35], [39], [44], 06] 
and references therein], [50], [51], among others. 

Another two motivations for studying pseudodifferential equations on adeles are 
the following. In [24] Haran established a connection between explicit formulas for 
the Riemann zeta function and adelic pseudodifferential operators, see also |14) . 
In [31] Manin posed the conjecture that the physical space is adelic, which can 
be considered as an extension of the Volovich conjecture on the non Archimedean 
nature of the physical space at the Planck scale [48], [47], [45]. This conjecture con- 
ducts naturally to consider models involving partial differential equations on adelic 
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spaces. Some preliminary results such as studying pseudodiffcrential operators are 
presented in [161 an d references therein], [18], [33], [36] . 

In this article we work exclusively with complex valued functions on adeles, this 
due to the fact that most of the physical models that motivate our theory require 
'real valued probabilities'. However, recently new models of complex systems using 
'p-adic valued probabilities' have emerged, see e.g. [31], [32] ■ The use of complex- 
valued functions allow us to take advantage of the classical harmonic and functional 
analysis. However, the classical derivative is not defined for complex-valued func- 
tions on adeles, implying the consideration of pseudodiffcrential operators. For the 
sake of simplicity we formulated all our results for finite adeles and adeles on Q, 
however all the results are still valid if the field of rational numbers Q is replaced 
by a global field, i.e. by an algebraic number field, or by the function field of an 
algebraic curve over a finite field. We study the Cauchy problem for parabolic type 
pseudodifferential equations over the rings of finite adeles and adeles involving a 
natural generalization of the Taibleson operator [2] , [39] . The considered pseudodif- 
ferential operator is not a straightforward generalization of the Taibleson operator 
and is natural only from the point of view of its connection with the adelic topology 
and the Fourier transform. By so far we are unaware of any similar results. Other 
adelic pseudodiffcrential operators with different symbols have been studied in [23] , 

m- us- mi- 

The article is organized as follows. In Section [2] we summarize some well-known 
results onp-adic and adelic analysis. In Sections[3l|4]we introduce metric structures 
on the rings of finite adeles and adeles, see Propositions I3.3[ 14.11 These metric 
structures induce the adelic topology and are naturally connected with the Fourier 
transform. In addition, they allow us to use classical results on Markov processes, 
see e.g. [20]. We compute the Fourier transform of radial functions defined on the 
ring of finite adeles, see Theorem 13.101 and we introduce adelic analogues of the 
Taibleson operators and Lizorkin spaces of the second kind and prove some basic 
properties of them. In Section [5] we study the heat kernels on the ring of finite 
adeles, see Definition 15.21 and Theorem 15.61 We give an 'explicit formula' for the 
heat kernel as a series involving Chebyshev type functions, i.e. products of powers 
of primes, some arithmetic operators and exponential functions depending on t, see 
Proposition 15. 31 We require the Prime Number Theorem to establish the existence 
of the adelic heat kernels, see Proposition [5H] In Section|6]we show that the adelic 
heat kernels are the transition functions of Markov processes, see Theorem 16.31 In 
Sections [5] H] we study the heat kernels on the ring of adeles, see Definition 18.11 
and Theorem 18.21 and show that the heat kernels are the transition functions of 
Markov processes, see Theorem 19.31 In Sections [7] [10] we study Cauchy problems 
for parabolic type equations involving adelic versions of the Taibleson operator. We 
show that these problems are well-posed and find explicit formulas for the solutions 
of homogeneous and non-homogeneous equations, see Proposition 17.31 Theorems 
[7J3E3E! Proposition MM and Theorems MM MM 

Finally we hope that this article will raise interest on studying pseudodiffcrential 
equations and stochastic processes on adeles. We are still at the beginning to 
develop a complete theory, there are many open problems and questions, among 
them, we propose the study of adelic Schrddinger equations and their connection 
with Feynman and Feynman-Kac integrals. 
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2. Preliminaries 

In this section we fix the notation and collect some basic results on p-adic and 
adelic analysis that we will use through the article. For a detailed exposition on 
p-adic and adelic analysis the reader may consult [2], [23], [27], [38], [43], [46] . 

2.1. Adeles on Q. Let p be a fixed prime number, and let a; be a nonzero rational 
number. Then x may be represented uniquely as x = p k ^ with p \ ab and k G Z. 
The function 

J p~ k if x ^ 0, 



x 



p ■' 



if x = 



gives rise to a non- Archimedean absolute value on Q. The field of p-adic numbers 
Q p is defined as the completion of Q with respect to the distance induced by | • p . 
Any non-zero p-adic number x p has a unique representation of the form 

oo 

(2.1) x p =p 1 22,a i p\ 

where 7 = j(x p ) G Z, a, G {0, 1, . . . ,p — 1}, a Q ^ 0. Series (|2.1[) converges in the 
p-adic absolute value. The integer 7 is called the p-adic order of x p , and it will be 
denoted as ord p (x p ), with ord p (0) := +00. Note that \x p \ p = p^ ord p( :E p). With the 
topology induced by | • \ p , Q p is a locally compact topological field. The unit ball 
Z p of Q p is a compact topological ring. Let dx p denote the Haar measure of the 
topological group (Q p ,+) normalized by the condition vol(Z p ) = 1. For a detailed 
presentation of the integration theory on Q p see [23J , [13] . 

Along the article, the variables p, q will denote 'primes', including 'the infinite 
prime', denoted by 00. To each prime p corresponds an absolute value | • | p on Q, 
with I ■ |oo corresponding to the usual Euclidean norm. In addition, Q p denotes the 
completion of Q with respect to | • | p , note that Qoo = M. 

The ring of adeles of Q, denoted A, is defined by 

A = {(^oo, X2, X3, . . .) : x p G Q p , and x p G Z p for all but finitely many p}. 

Alternatively, we can define A as the restricted product of the Q p with respect to 
the Z p . The componentwise addition and multiplication give to A a ring structure. 
Furthermore, A can be made into a locally compact topological ring by taking as 
a base for the topology, certainly the restricted product topology, all the sets of the 
form U x ri p ^s^p where S is any finite set of primes containing 00, and U is any 
open subset in Il P gs ( Qp- 

The restricted product topology is not equal to the product topology. However, 
the following relation holds. Take S as before and consider the group 

G s - x Il^- 

pes p^S 

Then, the product topology on Gs is identical to the one induced by the restricted 
product topology on Gs, thus Gs is a locally compact subgroup of A, and the 
locally compact topological group (A, +) has a Haar measure, denoted dx^, which 
coincides on Gs with the product measure rip^p) where dxoo is the Lebesgue 
measure of R. We also note that any set of the form 

(2.2) JJ^'ZpX JJZp, 

pes p£s 
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where l p are arbitrary integers, is a compact subset of A. 
The ring of finite adeles over Q, denoted A/, is defined by 

Af = {(x2, X3, . . .) : x p £ Q p , and x p £ Z p for all but finitely many p}. 

From now on, we consider Ay as a topological ring with respect to the restricted 
product topology. Then A = K x A/. Since (A/, +) is a locally compact topological 
group, it has a Haar measure, denoted , which agrees with the product measure 
Y[p <00 dx p on open subgroups of type 

Y[ Q P x Y[ Z p> with N £N. 

p<N p>N 

Furthermore dx^ = dxoadxA f . For a detailed presentation of the integration theory 
on A and A / see (23] Chapter 1] , see also [38] , [49] . 

In this article we work exclusively with complex valued functions on adeles. 
Having complex valued functions defined on a locally compact topological group, 
we have the notion of continuous function and may use the functional spaces L e (Af) 
and L e (A), p > 1 defined in the standard way. 

For studying solutions of parabolic equations we need notations for several spaces 
of functions which depend on time and adelic (space) variables. We denote by: 

(i) C(I, X) the space of continuous functions u on a time interval I with values 
in X- 

(ii) C (I, X) the space of continuously differentiable functions u on a time 
interval / such that u' £ X; 

(iii) L 1 (/,X) the space of measurable functions u on I with values in X such 
that ||w|j is intcgrable; 

(iv) W 1,1 ^, X) the space of measurable functions u on I with values in X such 
that v! £ L X {1,X). 

2.2. Fourier transform on adeles. Let p be a finite prime, and let \v '■ Qp ~^ Q* 

be the additive character defined by 

Xp ( x p) = exp (-2tt« {x p }) , 

where 

!-i 00 
Y clip 1 if x = Y dip 1 with k > and < a t < p — 1, 
i— — k i— — k 

otherwise. 

A function f p : Q p — > C which is locally constant with compact support is called 
a Bruhat- Schwartz function. The space of such functions is denoted as S (Q P ). Note 
that in p-adic analysis the space S (Q p ) coincides with the space of test functions 
V(Qp), see [46] for details. For f p £ S (Q p ), its Fourier transform f p is defined by 

fp (£p) / Xp ( Xp^p) fp (xp) dXp. 

The Fourier transform induces a linear isomorphism of S (Q_ p ) onto S (Q p ) satisfying 
fp (£p) = fp {— £p)- 
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In the case p = oo the additive character is defined by Xoo {xoo) := exp (2nix (xi ). 
Let iS(R) denote the Schwartz space. The Fourier transform of /oo € <5(R), denoted 
/oo, is defined by 

foe (Coo) — J Xoo ( ^ooCoo) /oo (*£oo) dx^Q. 

The Fourier transform induces a linear isomorphism of 5 (Qoo) onto S (Qoo) satis- 
fying /oo (Coo) = /oo (-Coo)- 

The additive adelic character x : A — > C is defined by 

X(x) = Y[xp ( x p) for x = {x 00 ,X2,x z , ...). 
p 

An adelic function is said to be Bruhat- Schwartz if it can be expressed as a finite lin- 
ear combination, with complex coefficients, of factorizable functions / = Ilp<oo/p' 
where f p satisfies the following conditions: (Al) /oo G <5(M); (A2) f p G S (Q p ) 
for p < oo; (A3) f p is the characteristic function of 1 V for all but finitely many 
p < oo. The adelic space of Bruhat-Schwartz functions is denoted as 5(A). The 
space of Bruhat-Schwartz functions S(Af) is defined in a similar form except that 
only conditions A2 and A3 are required. 

The Fourier transform of a factorizable adelic Bruhat-Schwartz function is de- 
fined by 

(2.3) /(0=I[/ fv(?p)x{-x P iv)dx v . 

p<oc J( ip 

This definition may be extended to arbitrary adelic Bruhat-Schwartz functions by 
linearity. The Fourier transform gives a linear isomorphism of S (A) to S (A) satisfy- 
ing / (£) = / (— £). Analogous definitions and results hold for the Fourier transform 
on Af. The Fourier transform may be extended to the space L 2 (A) (or to L 2 (Af)), 
where it is a unitary operator and the Steklov-Parseval equality holds. 

We will also use the notation Ttp for the Fourier transform and T~ x ip for the 
inverse Fourier transform. We used as a main reference for this section [23l Chapter 
1], see also [33], [38], [49] . 

Since A (resp. Af) is a locally compact topological group, a convolution op- 
eration between functions is also defined on 5(A) and L 2 (A) (resp. S(Af) and 
L 2 (Af)). It is connected with the Fourier transform in the usual way, see e.g. [40] 
for details. 

3. Metric structures, Distributions and Pseudodifferential 

Operators on A/ 

3.1. A structure of complete metric space for the finite adeles. In the 

previous section the restricted product topology on adeles was described. By so far 
authors are unaware of any article introducing metric on adeles producing the same 
topology. We show that for the finite adeles the topology is metrizable and present 
a non- Archimedean metric on A^. Moreover, in this metric each ball is a compact 
set and the Fourier transform of a radial function is again a radial function. Hence, 
despite of the complicated form of the presented metric we believe that it is natural 
for the ring of finite adeles. 
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Consider the following two functions: 



(3.1) ||a:||i := max \x p \ p , xe 

and 



(3.2) ||x||o := max^, i£A f . 

p p 

Both functions are well defined and may be used to introduce a metric on A/. 

However, the topology induced by the metric ||x — y\\i does not coincide with the 

restricted product topology which may be easily seen from the following example. 

The sequence of adeles x^ k ' := (0, 0, . . . , 0, 1, 0, . . .) , k £ N converges to in the 

v * ' 

fc-i 

restricted product topology, but does not converge in the metric generated by || • ||i- 
The metric ||x — y\\o induces the same topology as the restricted product topology, 
however it does not satisfy the above mentioned properties. For instance, with 
respect to this metric only balls of radiuses less than 1 are compact, and the Fourier 
transform of a radial function is not necessary a radial function. We left checking 
of these statements to reader, all required proofs may be obtained similarly to the 
proofs in this article. 

To overcome the mentioned problems we define a function 



(3.3) llrrll 




if 2! G Ilp Z P> 

if^ripZp, 




for arbitrary x G A/. Note that ||x||o < \\x\\ < ||x||i for any x £ A/. We introduce 
the function (our metric) 

(3.4) p(x,y) :=\\x-y\\, x,yeA f . 

The function || • || can be also represented as 

Hxll = maxp-" " 1 '' 1 ^]', x G A/ \ {0}, 
p 

where 

(3.5) [[t\] :- 
here [•] denotes the integer part function. 

Remark 3.1. The range of values of the function p coincides with the set {Ojujp' : 
p is prime, j G Z \ {0}}. 

Remark 3.2. It may seem odd that the proposed metric does not attain the value 
1. It is possible to define another metric, using instead of || • ||o in (|3.3j) the function 
(|| • ||o) + ; see (|3.11j) for the definition of '+ ' operator. Due to Bertrand's postulate 
the generated metrics are equivalent. In some cases like in Corollary \3.1S\ such 
change simplifies formulas. However, calculations with this metric become more 
complicated. For this reason we do not use it in this article. 

Proposition 3.3. The restricted product topology on Af is metrizable, the metric is 
given by (|3.4[) . Furthermore, (Af,p) is a complete non- Archimedean metric space. 
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Proof. The fact that p(x, y) is a non- Archimedean metric is a consequence of the 
fact that 

\\x + y\\ < max{||x||, \\y\\}, x,y G Ay, 

which can be checked easily case by case. 

We now show that (Af,p) is a complete metric space. Let x^ = (x p n ^) p be 
a Cauchy sequence in A/ with respect to p. Since we have coordinate- wise con- 
vergence, we may define x p := linin^oo x p n ^ in Q p and x := (x p ) p . We assert 
that x G A/. Indeed, p(a;W, x (m ^) < 1 for all n,m > M , hence pfcM, x^) = 
Due to the properties of p-adic absolute value it follows from 



rp Vplp < 1 that \x p - y p \ p < 1. Therefore \x p no) - x p m) \ p < 1 for all p and n , 



m > Afo- Then |ir p — x p | p < 1 for all p and no > Mq. Since (a; p ) G Ay, there 

exist a constant N such that x p " ' 1 G Z p for p > N. Then also a; p G Z p for p > N. 
To show that linin^oo p(x^ n \ x) — 0, consider arbitrary e > and take an integer 
N' > N such that 1/N' < e. Since \xp — x p \ < 1 for all p and n > Mq, and 

x p n ^ — > x p for any p, we have for n big enough 



/ fn) ~\ f P'P 2-p p ^p Xp \p "1 

p(x y >x) = mas max — — , max — — > < 

lp<N' p p>N' p J 

(n) ~ I -. I (n) ~ I 

( \Xp Xp\p r \Xp Xp p 1 

max^ max — -, — — > < max 4 max — -, e > = e. 

lp<N> p N' ) lp<N> p J 

Let ta / denote the restricted product topology on Ay, and let r p denote the 
topology induced by p on Ay. We want to show that T^ f = t p . Set U := Yip^p- 
Then the family 

x + yll, x G A f , y G A/ \ {0}, 

is a base for t&.. Note that (Af, +, ■) is a topological ring with respect to r p , and 
that the set U coincides with {x G Af : p (0, x) < ^} which is open in r p due to 
the non- Archimedean nature of the metric. Then x + yU G r p for any x G Ay, 
y E Af\ {0}, i.e. ta, C t p . We now show that r p C ta / . The family of balls 

(3.6) B e {xM) = {xeA f : p(x^,x) < e} , = (x™) p G Ay 
is a base for r p . We have 

(3.7) B e (x^)=H[xf+p-^%), 

v 

where a p (e) = [[log p e]], here the function [[•]] is defined by (|3.5[) . Note that for p 
big enough a p (e) = and x p 0) G Z p . Therefore by dSTTJ) we have B t (x^) G t A/ . □ 

Corollary 3.4. B e (a: (0) ) is a compact subset for any e > 0. 

Proof. By IpTjl . B £ (a;( )) is a translation of a compact subset n p P Qp ^Z p , cf. 

dm) . □ 

Remark 3.5. The following properties of the space (Ay,p) /io/rf. 
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(i) (Af,p) is a -compact space. Indeed, consider 

K N := Y[ P~ N Z P x Y[ Z p for N e N. 

p<N p>N 

Then Kn is a compact subgroup with respect to Ta,, see e.g. [381 Section 
5.1] and Af = UnKn- 

(ii) (Af,p) is second- countable topological space. Indeed, by applying twice the 
Weak Approximation Theorem, see e.g. [231 Theorem 1.4.4], one gets that 
j3 + o^Ylp Z p> P € Qj a S Q\ {0} is a countable base for the topology of Af. 

(iii) (Af,p) is a semi-compact space, i.e. a locally compact Hausdorff space with 
a countable base. 

Metric p allows us to introduce an adelic ball (given by (13.61) ) and an adelic 
sphere, given by 

(3.8) S r (xW) = {xeA f :p(xW,x)=r\, = g A f . 

Note that by Remark |3. II the radius r of the adelic sphere may possess only values 
equal to any non-zero integer power of prime number. We now introduce some 
notations and compute volumes of adelic balls and adelic spheres. 
Given a positive real number x, we define 

(3.9) §(x) = JJp[P°Kp*n, 

p 

where [[•]] is defined by (|3.5j) . i.e. for x > 1 we take a product over all prime 
numbers each taken in the largest power a p such that p ap < x and for x < 1 we 
take a product over all prime numbers each taken in the largest power a p such that 
p ap < px, see also p.7[) . Note that only a finite number of terms in this product 
differs from 1 and that the function $(x) is non-decreasing, right-continuous and 
piecewise constant. Then = 1 if 1/2 < x < 2. If x > 2, $(x) coincides with the 
exponential of the second Chebyshev function ip(x) — Y^pW°S p x ] ^ n P = J2 P k <x m P> 
where the last sum is taken over all powers of prime numbers not exceeding x. 

It is easy to check using (|3.9[) . (I3.5[) and properties of the entire part function 
that for any prime number p and any j g Z \ {0}, 

P 



(3.10) $(p~ J ) 



Hp 



Definition 3.6. For n g K., n > we define the next and previous non-zero power 
of a prime operators as 

(3.11) 71+ = min \pp : n < p@ , p prime, [3 g Z \ {0}} , 

(3.12) ra_ = max {p p : p p < n, p prime, /3 g Z\ {0}} . 

It is easy to see that the following relations hold for any number n = p^ , where 
p is a prime and j g Z \ {0} 

(«-)+= n, (n+) _1 = (?i _1 )_, 

(n+)_=n, (n_) _1 = (n" 1 ) + , 

(3.13) $((^)_) = 5M. 
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By using the operators (•)_ and (•)+ we can completely order the set of non-zero 
powers of primes. This total order will be very relevant in the next sections. To 
simplify notations we will write p{_ instead of (p 3 )- and p? + instead of (p J )+- 

Lemma 3.7. (i) The the adelic ball B r := B r (0) is a compact subset and its volume 
is given by 

vol (B r ) = $(r). 

(ii) The the adelic sphere S r := S r (0) is a compact subset and its volume is given 
by 

vol(SV) = $(r) - $(r_). 

Proof. The compactness of B r (Q) was established in Corollary 13.41 Since S r (0) is 
a closed subset of A/ and S r (0) C B r (0) we conclude that S r (0) is compact. The 
formulas for volumes follows immediately from (I3.7p . (|3.9|l and (|3.5|) . □ 



3.2. The Fourier transform of radial functions. 

Definition 3.8. A function f : Af — > C is said to 6e radial if its restriction to any 
sphere S r , r > 0, is a constant function, i.e. f\ s = f r £ C, r > 0. 

By abuse of notation we will denote a radial function / in the form / = / (||£||). 

Lemma 3.9. Let f : Af — > C be an integrable function. Then the following asser- 
tions hold: 
(i) 

[ f(QdU,= E / /(£)<*&/■ 

p m ,meZ\{0} S P m 

In the particular case in which f is a radial function this formula takes the form 
[ E /b m )vol(5 pm ). 

^ A / p™,raeZ\{0} 

(ii) Take = \JmeJ S p m c A f> where J 

is a (countable) subset o/Z\ {0}, then 
In the particular case in which f is a radial function this formula takes the form 

f /(ow0da,= e /(p m )voi(s P »)- 

(m,) Assume that Af = \_\ ie ^A^ with each A^' is a disjoint union of spheres, then 



I = E / 



f(0dU r 

AW 



Proof. The proof follows by general techniques in measure theory, the compactness 
of the adelic balls and spheres, see Lemma 13.71 and the characterization of the 
adelic integrals for positive functions given in [23l p. 21]. □ 

To simplify notations, throughout this subsection the expressions ||0|| _1 and 
lOl" 1 in the inequalities mean oo. The following theorem describes the Fourier 
transform of a radial function. 
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Theorem 3.10. Let f = /(||£||) : A/ — > C be a radial function in L 1 (A/). Then 
the following formula holds: 

(3.14) f( x ):=(^_lJ)(x)= ]T $ W) ~ /(«+)) foranyxeA f , 

where q 3 runs through all non-zero powers of prime numbers; the functions \\x\\, 
and q\ are defined by (|3~3")) . (|3~9l) and (|3.11|) . 

Remark 3.11. It follows from (|3.14|l £/ia£ i/ie Fourier transform of a radial function 
is again a radial function. 

Proof. We represent the ring of finite adeles A/ as a disjoint union of the following 

sets 

A-f = {0}u|Ja( ^ uljAt 1 ^, 

(e G A, : < U\\ < 1, ||e|| = M and & < & for p / g}, 



where 






A (0,9) . 




S q j 










= u 


S q j 




3>0 





Note that on the sets A (0 ' 9) we have ||£|| = ||£|| and on the sets we have 

IICII = llClli- Then /» = £,/< '*> (*) +£,/ (1 '* ) (a). wli ere 

(*) := / x(Z-x) f(U\\) dU f , k = 0,1, q is a prime. 

We set 

(3.15) / 8,:= i 8,(x) = -[log 9 W] 

with convention that /3 g (0) = +oo. We also set S (t) = 1 if t = and 5 (f) =0 
otherwise. 

To simplify the proof, we first present the final formulas for the functions /( fe >*) (x), 
the proofs are given later. 

Claim 1. 

(A) £/ (M) (*) = o if\\x\\>l, 



(B) 



E/ (1,9) w= E (f 1 -!) E /(«*)*(«*)} 

9 9 <|H|- lLV q/ j=l } 

{Mr 1 ) - IMl) if 11-11 < i- 



Claim 2. 

(c) E/ (M w = E{( 1 - J) E /(^'W)} '/ mi - 
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/3,0)-l 



E/ (0 ' 9) w=E{( 1 -^ E /(«*)* («*)} 



eJ/(ini~ x )*(ini _1 )% 9 i 9 -ni) tflMI>i- 



Combining flE}, 0, (jDj) we obtain 

/(*)=£{(*-£) E /(«*)*(«*)) 

9 1 V J ]<l3 q (x)-l, > 

(3.16) #° 

-Ej/dwr^^dNr 1 )^'- w). 

Note that the last sum over g and j involving the lunction 5 means that we take 
the only term corresponding to the prime number q such that ||x|| = q J for some 

jez\{0}. 

Now the proof of the theorem may be finished as follows. Since / G L 1 (A/) 
and vol(5 p3 ) = vol({£ G A f : ||f|| = p>}) = $(p*) - <f>(pL), see Lemma El 
the series Ylqiy^il'') ~ ^(<Z-)) i s convergent. Because of the inequality 

$(<7 J ") — ®(<f-) > ^ (q J ) the series ^ $ converges as well, hence we 

may arbitrary reorder the terms in (|3.16p . 

By the properties of the entire part function, the following inequalities hold for 
the function (3 q (|3.15[) : 

(3.17) q j < <T [log * llxll] ~ x < <T los * M = Harir 1 , j < q , j G Z, 

(3.18) q j > g-P^NIU >q-±°£*\M = |Jas||— x , j > /3„ j G Z, 

where the equality in the second inequality is possible only when ||a;|| is a power of 
q. Suppose in (|3. 161) . that ||x|| = p k for some prime number p and integer fc ^ 0. It 
follows from inequalities (|3.17l) . (|3.18[) that the formula f|3 . 16[) may be written as 

/»= E' (i-^/wj-kiNii^wi 

gi<||a:||- 1 ^ q S P 

= e' E' /(^x^j-zdNr^^dNin 1 ) 

3*<lk|| -1 < 1 1 a; || — 1 

= e' ftfw?)- E' WW-) = E' ^(^W) -/(«+)). 

<3 J < 1 1 a3 1 1 — 1 < 1 1 a? 1 1 — 1 <;3<||a:||- 1 

where we have used (|3.11|) - (|3.13|) and means that the value j = is omitted in 
the summation. 

The checking of the formula p,14j) in the case \\x\\ = is left to the reader. □ 

Proof of Claim[l\ We assume that x ^ 0. The case x = may be checked directly. 
With the use of (|2.3j) . Lemma l3~9l and the fact that ls r (x) is a factorizable function, 
we may write f^'i) as 

\^\„>i p ^ q |£p| J .<|£ 4 |» 
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Denote by a p (£ q ) the largest integer satisfying p a p(M < \£ q \ q (i.e. a p — 
[logp|^g|g] = [[logp |£q| q ]]). Note that the equality jppw = \^ q \ q is impossible 
for |£ g | 9 > 1 and p / q, hence p a p^ < \£ q \ q . Recall that 

f _!>«,) \f\x p \ p <p-^, 

Li P < P ^ Xp [ p ^ p) Cp " \o if K\ P > P -«.tt.)+i, 

and since < \£ q \ q < j/^^H 1 , we have 

/ jf 6,1 ?^ 

which implies 

(3.19) n / xp(^p)^ p = fn^ p(55) ) is ^) = nli^ is ^)' 

where 1b (£, q ) is the characteristic function of the set 

£:=keQ 9 :max^<|g- 
Therefore 

(3.20) f^{x)=j Xq{x ^ q)mq \ q) ^MA d ^. 

Note that it follows from (pHO)) that (x) = if max p ^, > |. 

Set 7 g to be the largest integer satisfying q 7q < ^max p ^ g ^ p ^ , then 

(3.21) /(*■«> (*) = £ /(gJ) ! / X, ^ 
We recall that 

(q^l-q- 1 ) i£\x q \ q <q~j, 
(3-22) / X, (* g e,K, = W _1 if |a: g |, = <T i+ \ 

[o if |a; g |, > «-J' +a . 

Note that the integral ([3~2"2"|) is non-zero when |£ q | q < j^- = O^A ■ Since 
for \£q\q > 1 the equality \£ q \ q — ^max p ^ g <[Xv p ^ p ^j is impossible, the last in- 
equality may be combined with \t; q \ q < f max p ^g ^' j into the inequality 

|£g|g < (max p ^) 1 = l^llo 1 , cf. dSU). Then it follows from (f3~20l) - (pH2j) 
that 

(3.23) /(M) (re) = / Xgjx^fQ^M^) 



Note that (x) = if ||x||o 1 < g and that 

{xeAf. \\x\lo 1 > 2} = \ x e A/ : max^ < H = JJZ P , 
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hence for any x outside of J\ the sum f^'i) (x) vanishes. Therefore we have 
non-zero terms in ^2 q f( l,q ) (x) only if ||x||o < 1. In such case ||x||o = \\x\\. We 
recall definition (|3. 15p of f3 q and inequalities (|3.17[) . (|3.18[> . Then it follows from 
(l3~2T ]) -([3~3g )l that 



(3.24) (x) = ( 1 - - ) V ftf)*tf) if ™ < | N | 

V qJ p q 

and 
(3.25) 

f [1 ' q) & = [i - y E WW) - -/OMr 1 )* (iwr 1 ) if ^ = iix||. 

By combining the formulas (|3.24p - (|3.25p we obtain formula (|B]). □ 

Proof of Claim\^ We assume that x ^ 0. The case x = may be checked directly. 
The required calculations are mostly similar to the previous ones, however there 
are some subtle variations. We have ||£|| = q~ 1 \£ q \ q and 

f (0 ' 9) (x)= J x, /Gr%l 9 ){ll / xpfo&dtp}^ 

■z- 1 !?,!^! p ^ q p- 1 \Up<q- 1 \^\< 1 

Let a p (£,q) denote the largest power p a p(^i) satisfying p~ 1 p a p^i) < which 
is equal to 1 + [log p <7 _1 |£g|g] i an d since q~ 1 \^ q \ q < 1, the last quantity is equal to 
[[log p (T 1 !^!,]] , cf. ([53|1 . Hence similarly to (jXT^) with the use of {315) we obtain 

II / *» (x P e y ) dg p = ( n p a ^A ib «,) = j^"^]] ib «.) , 

P- I |«„|,<9- 1 |C«I. 

where Is (£ 9 ) is the characteristic function of the set 

(3.26) 5:={£,eQ 9 :|g g <g(max|z p | p ) J. 

Since \£ q \ q is a power of g and q^ 1 \£, q \ q < 1, we have [[log g = log g 

and gIP««,9~ l IC,l 9 ]] = g i°s, = |^| ? . Since <r%| g < 1 is equivalent to < 1, 
we obtain 

(3.27) f°^(x)= [ Xq{Xq Qf {q -^ q \ q) ^S^M d ^ q , 

IS 9 l 9 <9(max P5 £g \x p \ p ) 1 

It follows from p.22j) that the last integral is non-zero when \x q \ q < ql^lg 1 , which 
may be combined with (|3.26j) into max p \x p \ p < ql^qlq 1 or, equivalently, into \£ q \ q < 
<7(max p |x p |p) _1 . Hence the domain of integration in the last integral is 

(3.28) \£ q \ q < minjl, ■ 
and we have to consider two cases. 



14 



S. M. TORBA AND W. A. ZUNIGA-GALINDO 



Case 1: ||ac|| < 1, i.e. max p \x p \ p < 1. In this case the minimum in (|3.28p is equal 
to 1 and the equality \x q \ q < ql^qlq 1 always holds, hence from (|3.27[) . p.28|) and 
(f3~2"2l similarly to we obtain 

/ (0 ' 9) (x) = (l -) E f(q j - 1 Mg j - 1 )= (i-^j E /(^'W)- 

Case 2: ||x|| > 1, i.e. max p |x p |p = ||x|| > 1. In this case it is sufhcient to 
determine possible values of \£, q \ q from the inequality \£ q \ q < tAt, because they 
satisfy the inequality < 1 even in the case ||x|| < q. Recall definition (|3.15[) 
of /3 q and inequalities (j^T7|) . (13T8)) . As a result, from (j3^7| . (t3T28|) and (|3^2|) 
similarly to (f3T24|) and ([3~25]) we have 

/ 1\ 09 

f<-°«Hx)= U--J E /(^W" 1 ) 

J=-oc 

= ( 1 --) E ifk,|,<NI 

\ i=-oo 

and 

/ 1\ ^ 1 

/ (0 ' 9) (x) = fi - - J E ftfw<i j )--f(\\x\r 1 )*(M- 1 ) if = ikii- 

J=-oo 

The last two equalities give us formulas ([C])— ([Dj). □ 

As a corollary from Theorem l3.10l we derive a sufficient condition for the Fourier 
transform of a radial function to be non-negative. 

Corollary 3.12. Let f be a real-valued non-increasing radial function, i.e. f = 
/(Hell) andf(0 > /(C) for any G A/ sai^m 5 ||$|| < ||C||. Tften 

/(x) := {F^XJ) (x) > for any x G A/. 

On the base of Theorem 13.101 we may compute the Fourier transforms of char- 
acteristic functions of balls and spheres. 

Corollary 3.13. Let f be a characteristic function of a ball, i.e. f = 1b,.(x), 
r G {p J : p is prime, j G Z \ {0}}. T/ien 

Lef g be a characteristic function of a sphere, i.e. g = ls r (x), r G {p 3 : p is prime, j G 
Z\'{0}}. Then 

g(0 = *(»0 WO - $(r_)l Bii+ (0, = (r" 1 )-. 

Proof. As it follows from (|3.14[) we have at most one non-zero term equal to $(r) 
in the Fourier transform of the ball B r , and this term is present if and only if 
r < ||x|| _1 which is equivalent to \\x\\ < r~ x or ||x|| < (r -1 )_. 

The second statement follows from the presentation S r = B r \ B r and the 
properties of the operators '_' and '+': ({r-)~ 1 )_ = ((r )+)_ = r^ 1 = R + . □ 
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3.3. Distributions on A/. In this subsection we consider A/ as the complete 
metric space (A/,p). As it was previously mentioned in Subsection 12.21 the space 
S(Af) of Bruhat-Schwartz functions consists of finite linear combinations of factor- 
izable functions / = Y[ p fpi where a finite number of the functions f p are in S(Q P ) 
and the rest of the functions are the characteristic functions of the sets Z p , i.e. 
/ = Ilp<jv fp x Ilp>jv Qp(\ x p\p)- F° r the sake of simplicity, from now on we will 
use test function to mean Bruhat-Schwartz function. The spaces S(Q P ) consist of 
compactly supported locally constant functions. We show that the same property 
characterizes the space S(Af). Despite a similar result was already proved in [33], 
the adelic metric p allows us to introduce the notion of 'parameter of constancy' for 
functions in S(Af) and to give a construction of a topology for S(Af) in a similar 
way as for the spaces S(Q P ). 

Definition 3.14. We say that a function f is locally constant if for any x £ Af 

there exists a constant £(x) > such that f(x + y) = f{x) for any y £ B^f x -\(Q). 

The same reasoning as in the p-adic case, see e.g. [46] or [2], shows that for a 
compactly supported function / the same constant £ may be chosen for all points 

x e Af. 

Definition 3.15. Let f be a non-zero compactly supported function. We define 
the parameter of constancy £ of f as the largest non-zero integer power of a prime 
number such that 

(3.29) f(x + y) = f{x) for any x £ A/, y £ B t (0). 

By definition we set the parameter of constancy of function to be equal +oo. 

Lemma 3.16. The function f £ S(Af) if and only if it is locally constant with 
compact support. 

Proof. The statement is trivial for / = 0. Suppose / £ <S(A/) \ {0}, and / = 
E^i/'^Wi where each function /( m ) is factorizable, /( m ) = Yl p<Nm fp x 
Ilp>Af m Qp(\ x p\p)- Since each /( m ) is compactly supported, so is /. 

Let l p m ^ denote the parameter of constancy of the function f p m \ i.e. f p m \x p + 

Up) = fp m \zp) f° r all Up such that \y p \ p < Ip 7 ^ ■ Note that our definition of the 
parameter of constancy on Q p is different from the one presented in |46) . Such 
change of definition is justified by necessity to make the parameter of constancy 
independent on p. Consider 

£ = mm < — , mm > . 

1 2 p,m p J 

Since we have only finite number of parameters lp , £ > 0. It is easy to check that 
(|3.29p holds with this parameter £, i.e. the function / is locally constant. 

Suppose now that / is a locally constant function with compact support. Let 
K = supp/. Since / is locally constant, for each x £ K there exists a ball B r ^(x), 
which is an open set, such that / is constant on B r ^(x). Then there exists a finite 
number of these balls, say B ri {x\), . . . ,B rn (ar n ), covering K. Since the metric is 
non- Archimedean we may assume that these balls are disjoint. Therefore 

(3.30) f{x) = /On) • l Bri ( Xl )(x) + ... + f(x n ) ■ l Brn{Xn) ix), 

where each characteristic function ls r ix) is factorizable, cf. (I3.7|) . □ 
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Remark 3.17. Let V(Af) denote the set of parameters of constancy of functions 
fromS(Af). Then 

V(A f ) = {I eQ:l=p m , p is a prime, m G Z \ {0}} U {+oo}. 

By considering the characteristic functions of the adelic balls B r we verify that 
every number in V is an admissible parameter of constancy. V(Af) is a countable 
and totally ordered set. 

We define by S l R (Af) the subspace of test functions with supports contained in 
the adelic ball Br and parameters of constancy > I. Then the following embedding 
holds: S l R (Af) c S R , (A/) whenever R < R', I > I'. As in the p-adic setting, see 
e.g. [2], [13], [IB], we define the convergence in S(Af) in the following way: fk — > 0, 
k — > oo in 5 (Ay) if and only if 

(i) fk G S l R (Af) where R and Z do not depend on fc; 

(ii) fk — > uniformly as fc — ^ oo. 

With this notion of convergence <S(A/) becomes a complete topological vector 
space. In addition, 

Sji(At) = limind<S^(Af ), S(At) = limindS fl (Af). 

Note that the second inductive limit makes sense because V(Af) is totally ordered. 

The following proposition shows that the spaces S l R (Af) possess similar proper- 
ties to their p-adic analogues. 

Proposition 3.18. For arbitrary I < R the space S l R (Af) is non-trivial and fi- 
nite dimensional, its dimension is equal to <&(-/?)/<&(/), with a basis given by the 
characteristic functions of disjoint balls Bi(x^) C Br. If f G S l R (Af) then 
f(0 = F*^ef G S[lffl_- (A f ). Moreover, TS l R (A f ) = S$ffl_~ (A f ). 

Proof. Note that Br is a finite disjoint union of balls of type Bi(xi) and the number 
of such balls is vo\(Br) / vol(Bi). The first statement follows from this observation 
by (13301) . 

For the second part it is enough to consider the Fourier transform of the char- 
acteristic function of a ball Bi(x^) C Br. We obtain from Corollarv l3.13l 

ls ! (x(«))(0= / x(-n • QIb^x - x^) dscKj 
Jk f 

= x (-xM ■ 01b, (0 = x(-* (n) • 0*G)1b (1 /,)_ (0. 

hence the Fourier transform is supported in the ball Bn/n_. Since x^ G £?.r, 
for any y G we have ||a;W ■ y|| < 1 hence x^"- 1 • y) = 1 and the Fourier 

transform of a ball Bi(x^) is locally constant with the parameter of constancy 
> (1/R)-. The last part follows from the observation that (((n _1 )_) )_ = 
(((n _1 ) _1 ) + )_ = = n for any non-zero power of a prime. □ 

Proposition 3.19. (i) Let K be a compact subset o/«S(A/). TTie space of test 
functions S(Af) is dense in the space C(K) of continuous functions on K . (ii) 
The space of test functions S(Af) is dense in L Q (Af) for 1 < g < oo. 

Proof. The proof follows the classical pattern, see e.g. [2J, [13], [IB]. □ 
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Denote by S'(Af) the C- vector space of all (complex- valued) linear continuous 
functionals on S(Af). This space is the space of Bruhat- Schwartz distributions on 
Af. For the sake of simplicity we will use distribution instead of Bruhat- Schwartz 
distribution. We equip S'(Af) with the weak topology. The following proposition 
allows to simplify checking that a functional belongs to the space S'(Af) stating 
that every linear functional on S(Af) is continuous. 

Proposition 3.20. (i) S 1 {Af) is the ^-vector space of all (complex-valued) linear 
functionals onS(Af). (ii) S'(Af) is complete. 

Proof. Due to Proposition ^ . 1 8l the proof of this proposition is completely similar to 
the proof given for the analogous statement in the p-adic case, see e.g. [2J, [35]. □ 

3.4. Pseudodifferential operators and the Lizorkin space on Af. As it 

was mentioned in the introduction, the classical derivative cannot be defined for 
complex-valued functions on adeles. Instead we consider pseudodifferential opera- 
tors. The function || • || which generates the metric p allows us to introduce a natural 
generalization of the Taibleson operator D 1 kf =: D 1 , 7 > 0, defined on S(Af) by 

(3.31) (Dy) (x) = (Uf F x ^f) , / G S(Af). 
Lemma 3.21. With the above notation, 

D~' ■ <5(A/) -> C (Af) n L 2 (Af). 

Proof. Since T x ^f may be represented as a linear combination of functions of type 
^-BM )(£), it is sufficient to consider the case J- X ^^f — lB r ({ )(£)- If ^ £?r(£o) 
then ||£|| 7 lB r (f D )(0 G <S(Af) because |j£|| 7 is locally constant outside of the origin, 
and hence 

^ x m\^B ASo m)es(A f )cL 2 (a^. 

IfO G B r (£o) thenB r (£ ) = B r (0) and ||£|| 7 < r~< ontheB r (0), hence ||^|| 7 l Br (o)(0 G 
L 1 (Af) n L 2 (A f ). Thus (Hell 7 l Br (6o)(0) € C (A f ) n L 2 (Af). □ 

The space S(Af) is not invariant under the action of the operator D 1 . To 
overcome such an inconvenience, we introduce the following space 

£ (A/) := Co = {/ G S(Af) : /(0) = 0}. 

The space £q can be equipped with the topology of the space S(Af), which makes 
£0 a complete space. Note that 

(3.32) Cq = J-{h G S(Af) : h(0) = 0}. 

This space is an adelic analogue of the Lizorkin space of the second kind. We refer 
the reader to [2] for the theory of the p-adic Lizorkin spaces. Recently in [30] an 
adelic version of the Lizorkin space of the first kind was introduced. 

Lemma 3.22. With the above notation the following assertions hold: 

(i) D-'C = Co for 7 > 0. 

(ii) / G C if and only if f G S and L f(x) dx Af = 0. 

(iii) Cq is dense in S with respect to the L 2 -norm. 

(iv) Co is dense in L 2 (Af). 
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Proof, (i) Take / G Co, then ||£|| 7 /(£) G <S(Af) because / is equal to in some 
neighborhood of and ||£|| 7 is locally constant outside of the origin. Therefore 
D" ( f G Co, i.e. D~< Co C Co. The converse inclusion follows from the fact that 
G S(A f ) for any h G £ - 

(ii) The statement follows from /(0) = f. f(x)dxA f which is the consequence 
of TS(Af) = S(Af). 

(iii) By Q3.32|) and the fact that the Fourier transform preserves the L 2 norm, it is 
sufficient to show that 1b t (x) can be arbitrarily closely approximated by functions 
from Co in the L 2 norm. As such approximating functions we may use \b t {%) \ 
1-B p - m {%) for m big enough. 

(iv) The statement follows from (iii) since S(At) is dense L 2 (Af), see Proposition 

EM □ 

We will use the notation X>(Z) 7 ) to denote the domain of the operator D 7 . We 
refer reader to [37] for notions of essentially self-adjoint operators and to [3] and 
[2"T] for the definition of strongly continuous (Co) semigroups and related notions. 

Since £o(A/) C L 2 (Af), we may consider the operator D 7 as an operator acting 
on L 2 (Af). It is easy to see that the operator D 1 with the domain £>(Z? 7 ) = Co(Af) 
is symmetric. Moreover, similarly to the proof of Lemma 13.221 (i) we may check 
that (D 1 ± i)Co(Af) = Co(Af), i.e. the ranges of the operators D 1 ± i are dense 
in L 2 (Af), hence the operator D 1 is essentially self-adjoint, see [37J Corollary to 
Theorem VIII. 3] for details. The following description of the self-adjoint closure 
holds. 

Lemma 3.23. The closure of the operator D 1 , 7 > (let us denote it by D 1 again) 
with domain 

(3.33) V (D~<) := {/ G L 2 (A/) : Uff e L 2 (A,)} 

is a self-adjoint operator. Moreover, the following assertions hold: 

(i) D 1 is a positive operator; 

(ii) D 1 is m-accretive, i.e. —D 1 is an m-dissipative operator; 

(iii) the spectrum cr(-D 7 ) = {p 1 ^ : p is a prime, j G Z\ {0}} U {0}; 

(iv) — D 1 is the infinitesimal generator of a contraction Co semigroup (7~(i)) t>0 . 
Moreover, the semigroup (V(£)) t>0 is bounded holomorphic (or analytic) 
with angle tt/2. 

Proof, (i) It follows from the Steklov-Parseval equality that for any / G L 2 (Af) 

(dvj) - (ii^i 7 -f/,-f/) - / neiri.F/1 2 ^ > 0. 

(ii) , (iv) The result follows from the well-known corollary from the Lumer-Phillips 
theorem, see e.g. (2T] Chapter 2, Section 3] or [13]. For the property of the 
semigroup of being holomorphic, see e.g. (3] 3.7] or (2TJ Chapter 2, Section 4.7]. 

(iii) Since D 7 is self-adjoint and positive, ct(D 7 ) C [0,oo). Consider the eigen- 
value problem D 1 f = A/, / G r D(D 1 ), A > 0. By applying the Fourier transform 
we obtain the equivalent equation 



(3.34) 



(ll£IP-A)/ = o. 
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If A = p 13 for some prime p and j G Z \ {0} then the inverse Fourier transform of 
the characteristic function of S p j = {£ G A/ : ||£|| = p 3 } is a solution of (|3.34|) . If 

A {p 7 - 7 : p is a prime, j G Z \ {0}}, then the functions | | and | a I are 

bounded, hence the equation D 1 f — A/ = ft, is uniquely solvable for any h G L 2 (Af) 
and A G p{D 1 ). The point belongs to ct(-D 7 ) as a limit point. □ 

The representation of the generated semigroup (T(t)) t>0 is presented in detail 
in Theorem 17.51 

4. Metric structures, Distributions and Pseudodifferential 

Operators on A 

4.1. A structure of complete metric space for the adeles. We recall that 
A = RxA/. Then any x G A can be written uniquely as x — (xoo,Xf) G RxA/ = A. 
Set for x, y G A 

PA(x,y) := la;^ -2/oo|oo + p(x f ,y f ), 
where p(x,y) was defined in (|3.4p . Then (A, /?&) is a complete metric space, see 
Proposition [331 Note that pa is topologically equivalent to 

p(x,y) := max{|xoo - ?/oo|oo, p (x, y) }, x,y G A, 

which induces on A the product topology. The topology of the restricted product 
on A is equal to the product topology on 1 x A/, where R is equipped with the 
usual topology and Af with the restricted product topology. Hence the following 
result holds. 

Proposition 4.1. The restricted product topology on A is metrizable, a metric 
is given by p&- Furthermore, (A,/5&) is a complete metric space and (A, p&) as a 
topological space is homeomorphic to (R, | • |oc) x (Af,p). 

Remark 4.2. (A, pa) is a second- countable topological space. Indeed, (2?^ x 
)^ . gN is a countable base, where (i?S) igN is a countable base of (R, | • |oo) 

and ) - gN * s a countable base of{Af,p), see Remark \3.5\ (ii). Therefore (A, pa) 
is a semi-compact space. 

4.2. Distributions on A. The space of Bruhat-Schwartz functions, denoted 5(A), 
consists of finite linear combinations of functions of type h (x) = (xoa) hj (xj) 
with hoo G 5(R), Schwartz space on R, and hf G S(Af). The space 5(A) is dense in 
L e (A,c&z:a) for 1 < g < +oo, see e.g. [181 Theorem 2.9]. The space of distributions 
on 5(A) is the strong dual space of 5(A). 

4.3. Pseudodifferential operators and the Lizorkin space on A. We consider 
the pseudodifferential operator —: , [3 > on 5(R) defined by 

(4.1) (DPh) (aoo) = J^o. (l^t^^h) , h G 5(R). 

Recall that the operator D 13 is the real Riesz fractional operator and represents a 
fractional power of the Laplacian, see e.g. [41] §8], (42J §25]. 

We introduce the pseudodifferential operator D^' 13 —■ D a 'P , a, (3 > on 5(A) 
defined by 

(4.2) (D^h) (x) = ((\UL + UfD^h) , h G 5(A). 
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Lemma 4.3. With the above notation 

D a f) : 5(A) -> C (A, C) n L 2 (A) 

Proof. It is sufficient to show the result for a factorizablc function h = ft-ooft/, 
hoc G 5 (R), fey G S(A f ). Since ft (0 = C (Coo) fcf (£/), 

(4.3) (.D^ft) (2) = ft/ (a;/) (D^) (&«,) + ^ (a!oo) {D a hf) (a/) . 

Note that D^hoo £ L 2 (R) n C (R, C), L> a ft/ G I 2 (A/)nC(A/,C), cf. LemmaGmJ 
and since dxp^ — dx^dx^, we conclude hfD^hoo, h OQ D a hf G C (A, C) HL 2 (A). □ 

The space 5(A) is not invariant under the action of the operator D a >P. To 
overcome such an inconvenience, we introduce an adelic version of the Lizorkin space 
of the second kind. First we recall that the real Lizorkin space of test functions, 
see e.g. |HJ §2] or §25], is defined by 

4>(K) = (/oo G 5(R) : / iS,/oo(x 0D )d!Coo = 0, for n G N 

The real Lizorkin space can be equipped with the topology of the space 5(R), which 
makes Cq(M) a complete space. The real Lizorkin space is invariant with respect 
to is dense in IJ>(R), 1 < p < oo, and admits the following characterization: 
/oo G £ (R) if and only if G 5(R) and 



Ml 



= 0, for neff. 



We introduce an adelic Lizorkin space of the second kind Co := Cq(A) as 

C Q (A) = C (R) ® C (A f ). 

The space Co (A) consists of finite linear combinations of factorizable functions 
h(x) = h 00 (x 00 )hf(xf) with hoo G Co (R), ft./ £ Co(Aj). Note that Co(A) is a 
subspace of 5(A) and it may be equipped with the topology of 5(A). 

Lemma 4.4. With the above notation the following assertions hold: 

(i) D^Co = Co for a,[3> 0; 

(ii) Co is dense in L 2 (A). 

Proof, (i) It is sufficient to consider a factorizable function h = ft-ooft-/) hoo eC Q (R), 
h f G Co(Af). Since D a h f G £ (A/) and D^h^ G £ (R), see Lemma 1321 and @TJ 
(9.1)], we conclude from (JO) that D a ^C Q (A) C £ (A). 

Conversely, take /i G £o(A). We want to show that the equation D a >Pg = /i has 
a solution g G £o(A). We may assume without loss of generality that ft = ftooft/, 
hoo G Co (R), ft/ G £o(A/). Applying the Fourier transform we obtain 

(4.4) m = H-^y - 

Since ft/ £ £q(A/), it follows from (|3.30|l that 

AT 
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where the balls Bn(^i) are disjoint and Br(^) for i = 1, . . . , N. It follows from 
non- Archimedean property that the function is constant on each of the balls 
Bni^i), hence we may rewrite (|4.4I) as 

Ci^oo(£oo) . . 

0«) = i, iff 7 , ^(golfr). 

where di :— ||£i|| a > are constants. It may be easily checked that the func- 
tions c » fe ° c ^° c ) are Fourier transforms of real Lizorkin functions and the functions 
lB R (f <)(£/) are Fourier transforms of Lizorkin functions on A/, thus g £ £o(A). 

(ii) Since £ (K) is dense in L 2 (R), see [4Tj Thm. 3.2], and £ (A/) is dense in 
L 2 (Af) by Lemma [3.22[ the tensor product Lo(A) — Cq(S.) <S> £o(Af) is dense in 
the tensor product L 2 (R) ® L 2 (Af) which is isomorphic to the space L 2 (A), see e.g. 
[371 Theorem 11.10], □ 

Similarly to Subsection 13.41 we may consider the operator D a ^ as an opera- 
tor acting on L 2 (A). It is easy to see that the operator D a 'P with the domain 
D(D a 'P) — <S(A) is symmetric. Moreover, similarly to the proof of Lemma 14.41 
(i) we may check that {D a ^ ± i)Co(A) = Co(A), i.e. the ranges of the operators 
D a >P ± i are dense in L 2 (Af), hence the operator D a ^ is essentially self-adjoint. 
The following description of the closure holds. 

Lemma 4.5. The closure of the operator D a ^ , a, (3 > (let us denote it by D a '" 
again) with domain 

(4.5) V (D^) := {/ 6 L 2 (A) : + U\\ a )fE L 2 (A)} 

is a self-adjoint operator. Moreover, the following assertions hold: 

(i) D a '@ > 0; 

(ii) D a '@ is m-accretive, i.e. —D a ^ is an m-dissipative operator; 
(hi) the spectrum o~(D a 'P) — [0,oo); 

(iv) —D a 'P is the infinitesimal generator of a contraction Co semigroup (7~ a ,p(t)) t 
Moreover, the semigroup (7L,/3(i)) t>0 is bounded holomorphic (or analytic) 
with angle n/2. 

5. The Adelic Heat Kernel on A/ 

In this section we introduce the adelic heat kernel on Af as the inverse Fourier 
transform of e~*" y "° with y £ A/, \\y\\ defined by Q3.3p . a > 1 and t > 0. 

In Sections [U [6] and [7] we work only with finite adeles, for this reason in the 
variables we omit the subindex 

Proposition 5.1. Consider the function ||y||^e~*" a " for fixed t > 0, j3 > and 
a > 1. Then 

||j,f e-'M- gL' (A,,^,) 

for any 1 < g < +oo. 

Proof. It is sufficient to show that for any t > and j3 > 
/(<):= / \\yf e-^ a dy Af < +oo. 



22 



S. M. TORBA AND W. A. ZUNIGA-GALINDO 



According to Lemmas 13.91 and l3~7l 

f \\y\f e-^ a dy Af = £ p^e"*^ ($(p™) - , 

thus we have to prove the convergence of the latter series. We consider two cases: 
m < and m > 0. 

If m < 0, then p ™/3 e -tp mQ < i an d 

SL(t):= J2 P m,3 e-* pm °($(p m ) -$(p m )) 

p m , m<0 

< Yl (*(?") " *(?-)) =*(l/2). 

p m , m<0 

Let m > 0. We have 
£+(*):= ^ p m ^ e -* pm °( $ (^ m ) -*(P-)) < P mp e- tpm "<i>(p m ). 

p m , m>0 p m , m>0 

We recall that the Prime Number Theorem is equivalent to 

In = ip (x) ~ x, x — > oo, 
see e.g. [IS], hence there exists a constant C such that 

p m—l 

We want to show the existence of a positive constant M = M (0) such that 

p m£ e -tp'"=+c P m < M V ~ x ~ m for all m > 1 and prime p, 
or equivalently that p ^+™{P+i) e -tp ma +Cp m < M _ Since p i+ m (p+i) < e (/3+i)p" 1 for 
all m > 1 and p > 2, consider e^ c ' + ^ +1 ) p ~* p . This expression is less than or 
equal to 1 when p m > " 1 anc [ hence there exist only a finite number of 

pairs {p,m) for which it can be greater than 1, so the announced constant exists. 
Therefore 

oo 

s+(t) <mJ2Y. p~ 1_m - 2M J2 p ~ 2 < +°°- D 

p m—l p 

Definition 5.2. W^e define the adelic heat kernel on A/ as 

(5.1) Z(x,t;a) := Z(x,t) = X (£, ■ x) e^ mr d^ Af , x € A/, t > 0, a > 1. 

By Proposition 15.11 the integral is convergent. When considering Z (x,t) as a 
function of x for i fixed we will write Z t (x). By applying Theorem 13.101 to the 
function e - '"^"" we obtain the following result. 

Proposition 5.3. The following representation holds for the heat kernel: 

(5.2) Z{x,t)= J2 ( e ~ tgl °' -e- t(9 + )a ) fort > 0, x G A/, 

?3<||a:||- 1 1 J#0 

where q 3 runs through all non-zero powers of prime numbers; functions \\x\\, <J>(x) 
and q 3 + are defined by (|3.3|) . (|3.9j) and ()3.11|) . For a; = i/ie expression ||0|| _1 in 
the representation means oo. 
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Lemma 5.4. The following estimate holds for the heat kernel: 
(5.3) Z(x,t) < 2i||a:||- Q $(||a:||I 1 ), x G Ay \ {0}, t > 0. 

Proof. From the inequality 1 — e~ x < x valid for x > we obtain 



e 



e"*^" < l- e -*(«+) a <t(g£) a . 



Then with the use of the inequality ) < ^(g^) — we have 

Z(x,t)= Yl Hl j )(e-^ a -e-'W) <t Y *(<?W+T 

C(3<|| x ||-i < 1 1 a; 1 1 — 1 

<2tw- a e W)-*(9i)) = 2*iixir^(bii: 1 ). 

9 J<||a:||-i □ 

Corollary 5.5. FFit/j £/ie above notation the following assertions hold: 

(i) Z(x,t) >0 fort> 0; 

(ii) lim t ^o+ Z (x, i) = /or an?/ 1€ Ay\ {0}; 

(hi) For any e > i/iere exists a constant C = C(e) swc/i </ia< /or any i > 



(5.4) 



/ Z t (y) dy Af <Ct< +oo. 

•/||j/||>e 



Proof. The statements (i) and (ii) immediately follows from formulas (|5.2|) and 
(I5.3[) . respectively. 

(hi) By Proposition 15.31 Lemma 13.91 and (|5.3p we have 



/ Z t (i/)dy A/ = E vol (V) ' E ®W){e- tqia -e~W) 

J\\V\\>* p k >t ql<p-k 

< E ®(P k ) ■ 2tp- ka ^>(pZ k ) = 2t ■ E P~* Q < +°°' 



p fc >e p fc >e 

where we have used (|3.10p and (I3.13[) . □ 

Theorem 5.6. The adelic heat kernel on Af satisfies the following: 

(i) Z (x, t)>0 for any t > 0; 

(ii) L Z t (x) dx Af = 1 for any t > 0; 

(hi) Z t (x) e i x ( A /) f° r an V 1 > 0/ 

(iv) Z t (a;) * Z t > (x) = Z t+t ' (x) /or any t' > 0; 

(v) lim t ^ + Z t (x) = S (x) in S' (Af); 

(vi) Z t (x) is a uniformly continuous function for any fixed t > 0; 

(vii) Z(x,t) is uniformly continuous in t, i.e. Z(x,t) £ C((0, oo), C(Af)) or 
lmif/^t maxjgAj |Z(x,i) — Z(x,t')\ = /or any £ > 0. 

Proof, (i) It follows from Corollary [53] 

(ii) For any t > the function e"*"^"" is continuous at £ = and by Proposition 
Owe have e-*H«H° G L 1 (Ay) n L 2 (Ay). Then Z t (x) G C (Ay, K) n £ 2 (A/). Now 
the statement follows from the inversion formula for the Fourier transform on Ay . 

(hi) The statement follows from (i) and (ii). 

(iv) By the previous property Z t (x) G L 1 (Ay) for any t > 0. Then 

Z t (x) * Z t , (x) = (e- 4 H«ll V*'II«H Q ) = (e-M^II") = Z t+t , (x) . 
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(v) Since e ~* ll?ll ° G C (A/,R) n L 1 (A/), cf. Proposition EU the scalar product 

(e- tW ",/(0) = / e-^WdU, withfeS(A f ) 

Jk, 

defines a distribution on Af. Since the support of / is compact, cf. Lemma [3.16[ 
and e - *"^" G L 1 (Af), the Dominated Convergence Lemma with the characteristic 
function of the support of / as a dominant function implies 

ttm (e-WII-, /(£))=(!,/) 

and then, as T (S (Af)) — S (Af), we have 

lim (Z(x,t),f) = lim (^ a (e-^H ,/(»)) = = (*,/)• 

(vi) Since Z t (x) = J^\ x (e'^") and e -*H«H a G L 1 (Af) for i > 0, Z t (x) is 
uniformly continuous in x for any fixed t > 0. 

(vii) Suppose that £ < t'. By the Mean value theorem e~*"^"° — e~* = 
(f - *)||$|| 0, e-*(^WII€ll", where * < i(||f||) < f. Hence 



|#(M) -Z(ar,i')l 



x(e^) (e- t »eii"- e - t 'ii«ii-)da, 



= |* — *'| / x(t-*)M\\ a e- tmma dU t <\t-t'\ U\\ a e- tom "da f , 

JA f JA f 

for some < to < t,t'. Now the statement follows from Proposition 15. II □ 

6. Markov Processes on Af 

Along this section we consider (Af,p) as the complete non- Archimedean metric 
space and use the terminology, notation and results of (201 Chapters Two, Three]. 
Let B denote the cr-algebra of the Borel sets of Af . Then (Af,B, dxA f ) is a measure 
space. Let 1 b (%) denote the characteristic function of a set B G B. 

We assume along this section that a > 1 and set 

p (t, x, y) := Z (x — y, t) for t > 0, x, y G Af, 

and 

J B p (t, x, y) dy Af , for t > 0, x G A/, B G B 
l B (x), fbri = 0. 

Lemma 6.1. With the above notation the following assertions hold: 

(i) p (t, x, y) is a normal transition density; 

(ii) P (t, x, B) is a normal transition function. 

Proof. The result follows from Theorem l5.6l see Sec. 2.1] for further details. □ 

Lemma 6.2. The transition function P(t,y,B) satisfies the following two condi- 
tions: 

(i) for each u > and a compact B 

lim supP (t, x, B) = 0; [Condition L(B)] 

x ^>°° t<u 



P(t,x,B) 
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(ii) for each e > and a compact B 

lim sup P(t,x,Af\ B e (x)) = 0. [Condition M(B)) 

xeB 

Proof. Since B is a compact, dist(x, B) =: d(x) — > oo as x — > oo. Since the function 
<5>(x) is non-decreasing, we obtain from ([O]) that Z(x-y,t) < 2u(d{x)) a <f> ((dix))- 1 ) 

for any y e B and t < u. Hence P(t,x,B) < 2u(d(x)) ~ a ■ ^((^(a;))" 1 ) • vol(B) 
as x — ¥ oo. 

To verify Condition M(B) we proceed as follows: for y G A/ \ B e (x) we have 
|| x — y\\ > e. The statement follows from (|5 .4[) : 

P(t,x,A f \B t (x)) < C(e)t^>0, t^0+. □ 

Theorem 6.3. Z(x,t) is the transition density of a time- and space homogenous 
Markov process which is bounded, right- continuous and has no discontinuities other 
than jumps. 

Proof. The result follows from [501 Theorem 3.6], Remark [33] (ii) and Lemmas 16. 11 
O □ 

Remark 6.4. The more strict version of Condition M(B) which is sufficient for 
the continuity of a Markov process, namely, that for each e > and a compact B 

lim - sup P (t, x,A f \ B e (x)) = 0, [Condition N(B)} 
t-f()+ t xeB 

does not hold for the function Z(x,t). This may be easily seen if we take e = 1/4. 
In such case by Proposition \5.3\ and Lemma \3.9\ we have 



Z t (x - y) dy Af > Z t {x-y) dy Af 

&f\Bi/i(x) JS 1/3 (x) 



vo\S 1/3 (x)- ]T <!>(-/')(' '< ' < M "- i ') l(< : 



lim - sup P (t, x, A f \ B 1/A (x)) > 3 - 2 ? 0. 

f->0+ t xeB 6 

7. Cauchy problem for parabolic type equations on A/ 
Consider the following Cauchy problem 

i^^l + D a u(x,t)=0, ire A/, te [0,+ooJ, 

\u(x,0) =u (x), u (x)eV(D a ), 

where a > 1, D a is the pseudodifferential operator defined by (|3.31[) with the 
domain given by (|3.33[) and u : Af x [0, oo) — > C is an unknown function. 

We say that a function u(x, t) is a solution of (|7.ip if 
u £ C([0,oo),V(D a )) n C 1 ([0,oo),L 2 (A / )) and u satisfies equation ([7T]) for all 
t > 0. 

We understand the notions of continuity in t, differentiability in t and equali- 
ties in the L 2 (A/) sense, as it is customary in the semigroup theory. More pre- 
cisely, we say that a function u{x,t) is continuous in t at io if hmt^t ||u(x,t) — 
u{x, to)\\L 2 (A f ) = 0; the function u' t (x, t) is the time derivative of function u(x, t) at 
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t if Umt^W^^m _ u ' t (x,t )\\ L 
are equal at t if ||/(x,t ) - g(x, *o)IU 2 (A / 



= 0; two functions f(x,t) and g(x,i) 
= 0. 

We know from Lemma [3.231 that the operator — D a generates a Co semigroup. 
Therefore Cauchy problem (|7.1[) is well-posed, i.e. it is uniquely solvable with the 
solution continuously dependent on the initial data, and its solution is given by 
u(x, t) = T(t)uo(x), t > 0, see e.g. [3], [13], [21]. However the general theory does 
not give an explicit formula for the semigroup (T(t)) t>Q . We show that the operator 
T(t) for t > coincides with the operator of convolution with the heat kernel Zt * ■. 
In order to prove this, we first construct a solution of Cauchy problem (|7.1j) with 
the initial value from S(Af) without using the semigroup theory. Then we extend 
the result to all initial values from T>(D a ), see Proposition [731 and Theorem 17.51 

We show in Theorem 1 7 . 81 that in the case uq £ £o(Af), the function u(x, t) is the 
solution of Cauchy problem (|7.1[) in a stricter sense, i.e. u(x, t) S C 1 ([0, oo), £o(Af)) 
and all limits and equalities are understood pointwise. 

7.1. Homogeneous equations with initial values in S{Af). We first consider 
Cauchy problem (|7.1I) with the initial value from the space S(Af). To simplify 
notations, set Zo * uq = {Z t * uo) \ t _ Q '■— uo- Note that such definition is consistent 
with Theorem l5.6l (v). We define the function 

(7.2) u(x i t) = Z t (x)*u (x), t>0. 

Since Z t (x) 6 L 1 (A/) for t > and u (x) e S(Af) C L°° (A/), the convolution 
exists and is a continuous function, see [401 Theorem 1.1.6]. 

Lemma 7.1. Let uq G <->(A/) and u(x,t), t > is defined by (|7.2[) . Then u(x,t) 
is continuously differentiate in time for t > and the derivative is given by 



(7.3) 



du , 

di<> X >*> 



5— >x i 



-*ll«ll c 



where lg R (-) is the characteristic function of the ball Br, R ~ and £ is the 

parameter of constancy of the function u , see Q3.29P and Provosition 1 3. 1 S\ 



Proof. Let h t (x) be a function defined by the right-hand side of (17.31) . Since 
||£||« e -*lieir . 1 Br (£) £ ^(A/) nL 2 (A f ) for any t > 0, the function h t (x) is well- 
defined and belongs to C(A/) fl L 2 (Af). 



Let to > 0. Consider a limit 
u(x, t) — u{x, to) 



lim 

t-¥t 



= lim 



t-t 



h t (x,t ) 

toiler 



= lim 

t^t 



t-t Q 
, e -tMW 



-uo(0 + U\\ a e- toma lB R (0-MO 
p-toHW 



L- 



t-to 



U\\ a e- tom ~)l BR {0-uoiO 



i 2 (A/) 



where we have applied Steklov-Parseval equality and the fact that supp u C P>n 
which follows from Proposition ^. 181 By applying the Mean- Value Theorem twice 
we obtain 



-«n«ir 



-*oii«ir 



t-to 



IICI 



-*oii«ir _ 



-ii^ir 



-t'lieir 



= W-to)\\tf 



-t"u\r 



-toMV 
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where t' = t'(||£||) is a point between to and t and t" —t"{\\^\\) is a point between 
to and t' (and thus between to and t). Hence 



+ U\\ a e- tom ")lB R (0-MO 



, e -*n«ir _ e -toUw 

< \t- t a \R 2a \\uo(0\\L2(A f ) 0, i to, 

i.e. /it(x) is the time derivative of the function w(a;,i) for any i > 0. 

The proof of the continuous differentiability in time of u(x,t) follows from the 
time continuity of ht(x) which can be checked similarly. □ 

Lemma 7.2. Let uq S S(Af) and u(x,t), t > is defined by (|7.2I) . Then u(x,t) <E 
T>(D a ) for anyt>0 and 

(7.4) D*u{x,t)= ^i(iieiv«ii a .iB H (e))« (x), 

where 1b r (-) is the characteristic function of the ball Br, R — (l/€)_ and £ is the 
parameter of constancy of the function uq, see Q3.29P and Provosition \3.18\ 

Proof. Note that u e <S(A/) which implies that e^* 11 ^ 1 " • 52b(0 e L± n ^ 2 
and ||£|| a e _t|lel|a -tt (0 S i 1 (A/) C\L 2 (A/) for any i > 0. Hence we may calculate 
D a u(x,t) by formula (pOTj) . For t > we obtain 

D««( a!l i) = ^(iieir • a&t)) - ^(ii^ir^(f) -so(0) 

= ^4x(ll^ire- t|ISIr lB H (0-«o(0) =^(ll^ll a ^ i|ISr -1b r (0) *«o(*), 

where we have used the fact that suppwo C Br. 
For f = we obtain 

D««(a;, 0) = D a u Q (x) = J^iUW" ' ™o(0) = 
= ^x(ll€ll a e- 0|ler lB«(O • So(0) = ^■4x(llfll a e-° IICir • WO) * «<>(*)• n 

As an immediate consequence from Lemmas 17.11 and 17.21 we obtain 

Proposition 7.3. Let the function uo £ <S(A/). Then the function u{x,t) defined 
by (|7.2p is a solution of Cauchy problem J7.i[ ). 

7.2. Homogeneous equations with initial values in L 2 (Af). Consider the 
operator Tit), t > of convolution with the heat kernel, i.e. 

(7.5) T(t)u = Z t *u. 

Since Z t G L 2 (Af), the convolution Z t * u is a continuous function of a; for t > 
and any u S L 2 (Af), see 0LH Theorem 1.1.6]. 

Lemma 7.4. The operator T(t) : L 2 (Af) -> L 2 (Af) is bounded. 

Proof. Consider a function u S L 2 (Af). Since Z t e L 1 (A/), see Theorem 15.61 (iii). 
by the Young inequality and Theorem 15.61 (ii) 

\\Z t * U\\ L 2 < \\Z t \\ L l ■ \\u\\ L 2 = \\u\\ L 2. 

Hence T(t)u = Z t *ue L 2 (A f ) and \\T(t)\\ < 1. □ 

Theorem 7.5. Let a > 1. T/ien i/ie following assertions hold. 

(i) 77ie operator —D a generates a Co semigroup (T(t)) t>() . The operator T(t) 
coincides for each t > with the operator T(t) given by (|7.5j) . 
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(ii) Cauchy problem ()7.1|) is well-posed and its solution is given by u(x,t) = 
Z t *u ,t> 0. 

Proof. According to Lemma 13.231 the operator — D a generates a Co semigroup 
(T(i)) 4>0 - Hence Cauchy problem (17.11) is well-posed, see e.g. [13j Theorem 3.1.1]. 
By Proposition 17.31 T(t)\ s , A . — T(t)\ s , A . and both operators Tit) and T(t) are 
defined on the whole L 2 (Af) and bounded. By the continuity we conclude that 
Tif) = Tit) on L 2 (Af). Now the statements follow from well-known results of the 
semigroup theory, see e.g. [31 Proposition 3.1.9.], [T3J Theorem 3.1.1], [2TJ Ch. 2, 
Proposition 6.2]. □ 

Remark 7.6. Since the semigroup {T(t)) t>0 is holomorphic, Cauchy problem (|7.1[) 
possesses smoothing effect, see e.g. [3j Corollary 3.7.21]. More precisely, consider 
Cauchy problem (|7.ip with weaker requirement on the initial value, namely, let 
u e L 2 (A f ). Then th ere exists a unique function 

u(x,t) G C([0,oo),i 2 (A / )) DC((0,oo),V(D a )) n C°° ((0, oo), L 2 (A/)) 

satisfying the equation for t > and satisfying the initial condition. That is, this 
weaker Cauchy problem is solvable for arbitrary initial data and the solution is 
infinitely differentiable in t for t > 0. 

7.3. Homogeneous equations with initial values in Co(Af). We now consider 
the Cauchy problem 

i^H + D a u(x,t) = 0, x G Af , t G [0, +oo ) , 

[u(x,0) = U (x), 7X0 (x) G A) (A/), 

with the initial value from the space Co (Af) and the pseudodifferential operator 
D a with the smaller domain V{D a ) = C (A f ). 

We say that a function u {x, t) is a classical solution of (|7.6[) . if u G C 1 ([0, oo), £ (A/)) 
and u satisfies equation (I7.1[) for alH > 0, with the understanding that all the in- 
volved limits are taken in the topology of £q(A/). 

Lemma 7.7. Let uq G £o(A/) and the function u{x,t) is defined by (|7.2p . TTien 
u{x,t) G £o(A/) /or any i > 0. 

Proof. Since e _< "^" a is locally constant outside of the origin, the function /ij(£) = 
e-'ll«ll Q -u (0 G5(A/)with/i t (0) = 0. Then ^-4 x (e-*H«ll a -7X0(0) = ^t(x)*7x (x) G 
£ (A/) for t > 0. ^ □ 

Theorem 7.8. Lei i/ie function uq G Co(At). Then the function u[x, t) defined by 
(|7.2p is i/ie classical solution of Cauchy problem |7.6| ). 

Proof. By Lemma PTTTl the function zx(x, t) is correctly defined and tx(x, i) G V(D a ) = 
£ (A/) for all t > 0. 

We assert that there exist constants £ and R not dependent on t such that 
u(x,t) G iSjj and D a u(x,t) G <S^ for all £ > 0. Consider the function ht(£) = 
e — *llfll . 7Xo(0, f > 0. Since i*o G zCo, the function e _t "^" is locally constant on the 
support of uq ■ Moreover, the parameter of constancy of e - *"^" on the support of txo 
does not depend on t. Hence there exist parameters l' and R! such that h t G S l R , for 
any t > 0. By Proposition ^. 18l we have (J 7-1 /^) (x) — u{x, t) G siH^_ for any t > 
0. Similar proof works for the function g t (£) := J 7 {D a u(x,t)) = W^e-^" -u (0- 
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We recall that for finite dimensional spaces, the uniform convergence is equivalent 
to the L 2 -convergence. Since S l R is a finite dimensional space, cf. Proposition 13. 18[ 
by applying Lemmas 17.11 and I7.2[ we have ^(x,t) £ £o(Af), u(x,t) is a solution 
of Cauchy problem (|7TB|) and u 6 C 1 ([0, oo), £o(A/)) . □ 

7.4. Non homogeneous equations. Consider the following Cauchy problem 

(7 7) \^^+D a u{x,t)=f{x 1 t), x£A f ,te[0,T],T>0, 

{ u(x,0) = u Q {x), u (x) 6 V(D a ). 

We say that a function u(x,t) is a solution of (LB, if u G C([0, T], V(D a )) n 
C 1 ([0,T],i 2 (A / )) and if u satisfies equation (JEZJ for f £ [0,T]. 

Theorem 7.9. Let a > 1 and Zet / e C([0, T], L 2 (A f )) . A ssume that at least one 
of the following conditions is satisfied: 

(i) / Si 1 ((0, T),T>(D a )) ; 

(ii) /eW 1 > 1 ((0,T),L 2 (A / )). 

Then Cauchy problem (|7.7[) has a unique solution given by 

u(x,t)= / Z (x -y,t)u {y)dy Aj + / <^ / Z (x - y.t - r) f (y,r) dy kf \dr. 
JAf JO iJAf ) 



Proof. With the use of Theorem 17.51 the proof follows from well-known results of 
the semigroup theory, see e.g. [3J Proposition 3.1.16], [13j Proposition 4.1.6]. □ 

8. The Adelic Heat Kernel on A 
We recall that the Archimedean heat kernel is defined as 

Z(xoo,t;j3)= ( Xoo (£00X00) e-^^oc, t > , 6(0,2]. 



This heat kernel is a solution of the pseudodifferential equation 



(\UL^^ u u( XQC ,t)) 



dt 

For a more detailed discussion of the Archimedean heat kernel and its properties 
the reader may consult [19, Section 2] and references therein. 
From now on we will denote heat kernel (|5.ip as Z(xf, t\ a). 

Definition 8.1. For fixed a > 1, f3 6 (0,2] we define the heat kernel on A as 
Z(x,t;a,P) := / x (-£ • x) e-'O^+IM'*)^, x 6 A, t> 0. 



Since e"' 1 ^ 1 - G L 1 (R, c^), e-' 11 ^ 11 " 6 L 1 (A f ,d£ Af ), cf. (HI Property 2.2] 
and Proposition [FUl and d^A = d£ood£&,, we have 

(8.1) Z(x,t;a,/3) = .F^e - ' 1 ^) J- 1 ^ - * 11 ^ 11 '") = Z{x 00 ,t)f3)Z{x f ,t;a) . 
For t > fixed, we use the notation Z t (x; a, j3) instead of Z (x, t; a, f3). 

Theorem 8.2. The adelic heat kernel on A possesses the following properties 

(i) Z (x, t; a, f3) > for any t > 0; 

(ii) J A Z (x, t; a, j3) dx& = 1 for any t > 0; 

(iii) Z t (x; a, (3) 6 L X (A) for any t > 0; 
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(iv) Z t (x; a, 0) * Z v (x; a, (3) = Z t +v (x; a, (3) for any t, t' > 0; 

(v) lim f ^o+ Z (x, t; a, 0) — 6 (xoo) x 5 (xf) = 8 (x) in S'(A); 

(vi) Z t (x; a, 0) is a uniformly continuous function for any fixed t > 0; 

(vii) Z(x,t;a,0) is uniformly continuous in t, i.e. Z(x,t;a, 0) G C((0, oo), C(A)) 
or limt'^t max l£ A \Z[x, t; a, 0) — Z(x, t'; a, j3)\ =0 for any t > 0. 

Proof. The statement follows from (|8TT]) and the corresponding properties for 
Z(x ao ,t; 0) and Z (xf,t;a), see [191 Section 2] and Theorem 15.61 □ 



9. Markov Processes on A 

Let B(A) denote the er-algebra of the Borel sets of (A, p&). Along this section 
we suppose that a > 1 and /3 G (0, 2] are fixed parameters. We set 

p (t, x, y; a, 0) := Z(x — y, t; a, (3) for t > 0, x, y G A. 

Note that 

p (t, x, y; a, (3) = Z{xoo -y^t; 0)Z (x f - y f , t; a) 

-. p(t, Xoo, y 00 ;f3)p(t,x f ,y f ;a) , 

where p(t, Xoo, yoo ; /3) = Z(xoo - Voo, t; 0) and p(t,Xf,yf,a) := p(t,x f ,y f ) = 
Z(xf — yf, t; a). We also define for Xoo,yoo G R and Boo G B (R) 

P(t^ r -m — lJB eB p( t > x °°>v°°'>P') d v<x» fort>0, 

l Boo (xoo) , for i = 



and for x, y G A and £> G B (A) 
P(t,x,B;a,(3) : 



f B p(t,x 00 ,y 00 ;f3)p{t,Xf,yf,a)dy 00 dyA f , for t > 0, 
1 B (a), fori = 0. 



Lemma 9.1. FFii/i the above notation the following assertions hold: 

(i) p (t, x, y; a, 0) is a normal transition density; 

(ii) P (t,x, B;a, f3) is a normal transition function. 

Proof. The statement follows from the corresponding properties for the functions 
p (t, Xoo, Voo'i 0) and p (t,Xf, yf), see Lemma 101 □ 

Lemma 9.2. The transition function P (t,x, B;a, 0) satisfies the following two 
conditions: 

(i) for each u > and a compact B 

lim sup P (t, x, B; a, (3) = 0; [Condition L(B)\ 

t<u 

(ii) for each e > and a compact B 

lim sup P(t, x,A\B e (x) ;a,f}) = 0, [Condition M(B)] 

o 

where B e (x) :— {y G A : p^ (x, y) < e}. 
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Proof, (i) Note that there exist compact subsets Koo C K and Kf C A/ such that 
B a Kvo x K f . Then 

P(t, a:, P; a, 0) < P(i, Xoo , K^; P)P(t,x f , K f ). 

Since pa (0,2;) — » oo we have either p(0, X f) — > oo or |xoo|oo — > oo. Therefore it 
is sufficient to show that 

(9.1) lim BvpP(t,xt,Kf) = 
and 

(9.2) lim sup P(t, a;*,, 0) =0. 
The equality (jnHJ) follows from Lemma O By QH (2.2)] 

(9.3) ZfaxooiP) < -g for t > 0, Xoo e R. 

*/» + a&, 

Then 

P(t, Xoo, Koo; @) = / Z (t, Xoo - y 00 ;f3)dy 00 < CtT 3 [ — jcfa/oo- 

•/.TCao JK X t' 3 + (Xoo - Uoo) 

As ~^ 00 we have dist (xoo,Koo) — > oo and \xoo — Uoo\ > dist(x 00 ; i^oo) fo r an y 
2/oo e ifoo and 

1 1 

< 



t* + {Xoo ~ Z/oo) 2 dist (Xoo;Koo) 

Hence 



lim supP^Xoo, Kooifi) < lim Cu^ / - — T—dyoo = 0. 

^oo^oo t<tl Koodoo ,/„ disr(x 00 ;.ftr oo ) 



i^oo dist (rEoo^oo) 



(ii) Since P £ (x) D B* (xoo) x P| (x/), where 

P 4 (xoo) = jyoc € M : |a;oo - yoo| < || 

o o 

and B± (xf) is given by (|3.6|) . we have A\P e (x) C (RxA / )\(P« (x oc )x J B| (a;/)) C 

((R\P| (loo)) x A/) u(lx (A/\P| (x/))) and with the use of [T9j (2.1)] and 
Theorem 15.61 (ii) we obtain 

P(t,x,A\B e (x);a,(3) <( p (t, Xoo, Voo] P) dyoo J 

/ p(t,Xf,y f )dy Af ) 

<P(t,x 00 ,R\B i (x);(3)+P(t,x f ,A f \B i (x f )). 



Now the result follows from Lemma 16.21 and the inequality 

P(t,x 00 ,R\B i (x))= I Z(t,y oo ;0)dy oo <C f d yoo 

J\y~\>i J\voo\>i tf +ylo 

= C [ — ^—5-^00 ^0 as t -> +0. 

J| Zoo |>ft-i//3 1 + a 
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Theorem 9.3. Z (x, t; a, ft) with a > 1 and ft £ (0,2] is the transition density of 
a time- and space homogenous Markov process which is bounded, right- continuous 
and has no discontinuities other than jumps. 



Proof. The result follows from [20j Theorem 3.6], Remark l4.2l (ii) and Lemmas 19. 11 

EH □ 

10. Cauchy problem for parabolic type equations on A 

In this section we study Cauchy problems for parabolic type equations on A and 
present analogues of the results of Subsections 17.11 17.21 and 17.41 



10.1. Homogeneous equations. Consider the following Cauchy problem 

D a ' P u(x,t) = 0, x e A, t £ [0,+oo), 



du(x,t) , , 



(10.1) { at 

u(x,0) =u (x), u (x) £ V(D a >P) , 

where a > 1, ft £ (0,2], D a, @ is the pseudodifferential operator defined by (|4.2p 
with the domain given by (|4.5p and u : A x [0, oo) — > C is an unknown function. 
We say that a function u{x,t) is a solution of (|10.1|) . if u £ C([0, oo), V(D a ^)) n 
C 1 {[0,oo),L 2 (A)) and if u satisfies equation (jlO.ljl for all t > 0. 

As in Section [7] we understand the notions of continuity, differentiability and 
equalities in the sense of L 2 (A). 

We first consider Cauchy problem (|10. 1|) with the initial value from 5(A). We 
define the function 

(10.2) u(x, t) :— u(x, t; a, ft) — Z t (x; a, ft) * uq(x) = Z t (x) *uq(x), t > 0, 

where Zq * uq = {Z t * Uq) \ t _ '■= uo- Note that such definition is consistent with 
Theorem El (v). Since Z t (x) £ L 1 (A) for t > and u Q (x) £ 5(A) C L°° (A), the 
convolution exists and is a continuous function, see Theorem El (ii), [HH Theorem 
1.1.6]. 

Lemma 10.1. Let u Q £ S '(A) and u is defined by {Z/2J| '. Then u £ C([0, oo), V(D a f) )) 
and 

(10.3) D^u = ((\UL + 11011°) e-*("«-l5.+»f « - )j^«o) 
for t > 0. 

Proof. We first verify that u(-,t) £ V(D a ^) for t > 0. Without loss of generality 
we may assume that uq(x) = u Q0 (x 00 )uf(xf) with Uoo £ <S(R) and Uf £ S(Af). 
Since 

F x ^u(x,t) = e -*(l«-l- + ll^ll a )« 00 (O) , 

we have 

\\{\Ul + Uf\\ a )^4vm 

< \\\M a e- tU ^ a u f (^L^-lle-^-l-eoo (Co 



\L 2 (A f ) II" "- 00 VSOoy NL 2( R ) 

+ ||e ^ u / (£/)||£2( A ) " |||£oo|(L e '^"'""oo (^°o)|Il 2 (B) 
< ||HC/ir«/ (£/)Hz, 3 ( A/ ) • II"°°IIl2(R) + ll^/IL^A/) ' Ill^oolfoWoo (£oo)| 
= P^/llwA,) \\ u oo\\ L 2 m + \\uf\\ L2(A ) \\DP Uoc 



L 2 (l 

\\l*( 
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where we used the Parseval-Steklov equality and the equality c2£a = d^A/^oo- 
Therefore u(x,t) G V{D a ^) for t > and formula (fTOTgjl holds. 

To verify the continuity, assume again that Uq(x) = u 00 {x 00 )uf(xf) with G 
<S(R), Uf € S(Af). With the use of the Parseval-Steklov equality and the Mean 
Value Theorem we obtain 

hm \\u(x,t) -u(x,t')\\ L2{A) 

= t hmJ|(e-*(l^^+^ll a )-e- t '^^+ll«/ll a ))S 00 (^ 00 )% (£/)|| La(A) 

= lrm||(t - f) (fcX + II^/ID e-f-df-lS.+lie/ID^ ( foo ) fi/ (C/)|| i2(A) 

< lim \t - t'\ ■ \\{\ioo\l + Ml") Uoo (Coo) Uf (0)\\ L 2 {A) 

< (\\ Da Uf\\ L 2 (Aj) ||«oo|| La(R ) + IMI L 2 (A/) H^UoolLa^)) lim I* - t'\ = 0, 

where t = £(|£oo|^ + 110 II") i s a P°mt between t and t', □ 

Lemma 10.2. Lei uq G <S(A) cmd u(x,t), t > is defined by U0.2\) . Then u(x,t) 
is continuously differentiable in time for t > and t/ie derivative is given by 

(10-4) ^(*,t) = -J£.((I6»I& + HOin c^-I^Dj^fio). 

Proof. Assume that uo(^) = Uoo(£oo)w/(2;/) with G <S(M), u/ G S(Aj). By 
reasoning as in the proofs of Lemmas 17.11 and 110.11 we have 



lim 

t-tto 



t — to 

lim |t - h\ -|| (fcX + U f \\ a ) 2 e-H^+UfD^^ 



L 2 (A) 



f->to 



< t iim \t - i 1 • iKiex + ne/ir) 2 ^«o|| L2(A) 



< (||£» 2a u/|| • ||**oo|| + 2||D a «/|| • H^uooll + \\u f \\ ■ II^Uooll) Hm \t - t'\ = 0, 

where we have used the fact that <S(R) c V(D !i ) for any (3 > and <S(A/) C £>(Z? Q ) 
for any a > 0. 

To verify the continuity of t), we proceed similarly: 



lim 

t-H 



du . du 
-( X ,t)--(x,t ) l2(a) 

= lim [to - t| + ||0ir) 2 e-' (l ^ l - +ll€/ir) S oo (too)u f (C/)L 2(A) 

< lim |*o - i| + ll£/ir) 2 «oo (0)|L 2(A ) = °- 

where we used the Mean Value Theorem with a point t between t and to. □ 
As an immediate consequence from Lemmas 110.11 and 110.21 we obtain 

Proposition 10.3. Let the function uq G 5(A). Then the function u(x,t) defined 
by hi 0.2}) is a solution of Cauchy problem M0.1\) . 

Consider the operator T(t; a.,0), t > of convolution with the adelic heat kernel 

(10.5) T(t;a,f3)u = Z t *u. 
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As in Section [3 the convolution Zt * u is a continuous function of x for t > and 
any u G £ 2 (A) and the operator T(t; a, (3) : L 2 (A) — > L 2 (A) is bounded. 
By reasoning as in the proof of Theorem 1 7. 5 1 we obtain 

Theorem 10.4. Let a > 1 and ft G (0,2]. Then the following assertions hold. 

(i) The operator —D a '@ generates a Cq semigroup (T(t; a, P)) t>0 - The opera- 
tor T{t\ a, (3) coincides for each t > with the operator T(t; a, 0) given by 

(ii) Cauchy problem UO.l]) is well-posed and its solution is given by u(x,t) — 
Z t * uq, t > 0. 

10.2. Non homogeneous equations. Consider the following Cauchy problem 

(10 6) i^^-+D^u(x,t) = f(x,t), x€A,t€[0,T],T>0, 

\u(x,0) = u (x), u (x) £ V (D a 'P) . 

We say that a function u(x, t) is a solution of HUH), if u G C([0, T], V(D a ^)) n 
C 1 ([0, T], L 2 (A)) and if u satisfies equation (flUl)]) for t G [0, T]. 

Theorem 10.5. Let a > 1, /3 G (0,2] and let f G C([0, T], L 2 (A)) . isswme £/ia£ 
ai least one of the following conditions is satisfied: 

(i) / G L 1 ((0,T),I?(_D Q " 3 )); 

(ii) /GV^ 1 . 1 ((0,T),L 2 (A)). 

TTien Cauchy problem MO. 61) /ias a unique solution given by 

u(x,t)= / Z (x - y,t:a,P)u (y)dy A + / <^ / Z (x - y, i - r; a, /3) / (y, t) dy A ?dr. 



JA JO IJA ) 

Proof. With the use of Theorem 110.41 the proof follows from well-known results of 
the semigroup theory, see e.g. [3j Proposition 3.1.16], [13] Proposition 4.1.6]. □ 
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